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An ef� cient multidisciplinary design optimization methodology is applied in the design of a rotor blade to meet
minimum weight, minimum vibration, and maximum material strength requirements. The design study is a high-
aspect-ratio articulated � exible blade with a thin-walled multicell cross section at high tip Mach numbers. The
rotor blade analysis consists of two subsets to increase ef� ciency in numerical methods used in each discipline.
The � rst subset is an elastic analysis using an idealized model by chordwise segments and spanwise elements,
which can provide ef� cient material reassignment for minimum weight design. The second subset is a dynamic
analysis for optimal natural frequency placement and vibratory vertical hub shear reduction. A high-order � nite
element from the gradient adaptive trans� nite element family formulated by the second author is used to reduce
computational requirements and to improve results without increasing the number of elements. The optimization
procedure is decomposed into two levels for ef� cient handling of the design variables and objective functions
and their correlation. In level 1, the goal is the design for the minimum weight and maximum material strength
simultaneously using the multiobjective optimization technique. In level 2, the goal is the design for the minimum
vibratory vertical hub shear load using the modal shaping technique. The numerical results show the ef� ciency of
the analytical methods, the usefulness of the multilevel and multiobjective function optimization, and the effects
of tuning masses and their locations on the hub shear reduction.

Nomenclature
Across = cross-sectionalarea of airfoil
Ai = area of i th longitudinal
ASC

i = area enclosed by two adjacent longitudinals
and origin

A0
i = modulus-weightedarea of i th longitudinal

Aroot = cross-sectionalarea of blade root
a = lift curve slope
c = blade chord
cm;AC = moment coef� cient at aerodynamic center (AC)
Di = density of i th longitudinal
e = hinge offset
h0

j = modulus-weighted thickness of j th web
I MC

yy ; I MC
zz = moment of inertia about moment center(MC)

n = number of blades
qTl = shear � ows on each cell due to torque
.qz/ j ; .qy/ j = shear � ows on i th web due to shear force
R = blade radius
Rr = root radius
ti = thicknesses of each segment
tr = root wall thickness of ellipsoid cross section
Wk = weight of each spanwise element
x = spanwise direction
Ycg; Zcg = center of gravity coordinates
Yi ; Z i = distance of i th longitudinal from reference

frame y and z
YMC; ZMC = MC coordinates
YSC; ZSC = shear center (SC) coordinates
y = chordwise direction
z = normal direction to x – y plane
2 = blade collective pitch angle
½1 = air density
¾ = rotor solidity, nc=¼ R
Ä = rotor angular velocity
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Subscripts

i = longitudinal index
j = idealized web index
k = spanwise element index
l = cell index

Introduction

M ULTIDISCIPLINARY design optimization has been used
in complex design problems such as rotating blade design,

which involves elasticity, aerodynamics, and structural dynamics
and their strong interaction. The changes of mass and stiffness dis-
tribution along blade chord and span direction affect the structural
dynamics and aeroelasticbehavior as well as the stress distribution.
One of the goals in a rotorcraft blade design is to reduce the weight
while minimizing vibrations transmitted to the hub. Furthermore,
the blade must have suf� cient strength, stiffness, and inertia to sat-
isfy all of the mission requirements.

The research history on the application of optimization tools to
rotor blade design is well summarized in Refs. 1–4. Peters et al.5;6

introduced a minimum weight design together with autorotational
inertia to ensure suf� cient inertia and proper blade natural frequen-
cies to separate them from the aerodynamic forcing frequencies
through optimal blade mass and stiffness distributions. The opti-
mization procedurewas divided into two steps. In the � rst step, the
frequencyplacementwas taken as an objectivefunctionwith appro-
priate structural constraints to minimize the discrepanciesbetween
desired and actual frequencies.In second step, the blade weight was
minimized with frequencywindows as constraints.The thicknesses
and dimensions of the box beam, which represented blade cross
section, together with lumped mass and tip weight were considered
as the design variables. The program CONMIN7 was used as an
optimizer.

Friedmann8 presented the structural optimization for vibration
reduction using a box beam model with tuning weights and lumped
masses. The design variables were the breadth, height, and their
thicknessesof a thin-walled rectangularbox beam. The natural fre-
quencyplacementand aeroelasticstabilitywere includedin the con-
straints,and the maximumvalueof oscillatoryhubverticalshearand
moment were the objective functions.A sequence of unconstrained
minimization techniquebased on an extended interior penalty func-
tion was used for the optimization.

1652



KIM AND SARIGUL-KLIJN 1653

Walsh et al.9 tried an optimal aerodynamic design to minimize
the hover horsepower by satisfying the hover and forward � ight
performance through exploring the in� uence of rotor blade design
parameters such as twist, blade radius, tip speed, chord distribution,
taper ratio, sweep, and airfoil section. Chattopadhyay and Walsh10

investigated minimum weight design, using rather simpli� ed box
beam model. The rectangular and tapered box beam dimension,
horizontal and vertical wall thicknesses, and nonstructural lumped
masses on 10 spanwise segmentswere taken as the designvariables.
The constraints were placed on the blade autorotational inertia and
the natural frequencies of the blade. Their extended study11 con-
ducted a multiobjective function optimization for minimum weight
and minimum vertical hub shear load simultaneously. Centrifugal
stress was considered as an additional constraint. The design vari-
ables were the bending and torsion stiffnesses of the blade cross
section and taper ratio.

Weller and Davis12 compared their numerical optimization re-
sults with wind-tunnel tests for the purpose of improving vibra-
tory characteristics.Analytical optimization procedures were used
to minimizehubmodal shearsandmodalvibrationindiceswith mass
and stiffness distributions as the design variables. They found that
frequencyplacement criteria alone were inadequateto achievemin-
imum vibratory rotor designs. Celi and Friedmann13 compared the
results of straight and swept blade tips using structuraloptimization
to minimize vertical hub shears in forward � ight with single- and
double-cell cross section models. Aeroelastic stability and autoro-
tational inertia were imposed as constraints. The use of tip sweep
as an additional design variable allowed a further reduction of the
objective function compared to a straight tip.

Lim and Chopra14 addressed the aeroelastic optimization of
hingeless rotors using CONMIN along with an ef� cient sensi-
tivity analysis. The design variables were the dimensions of the
box beam, chordwise location of blade center of gravity, nonstruc-
tural mass, and blade bending stiffness. A � nite element method
in space and time was used for the aeroelastic analysis of rotors.
The objective functions were de� ned as the components of oscil-
latory hub loads and aeroelastic stability. Adelman and Mantay15

described integrated multidisciplinary rotorcraft design optimiza-
tion of NASA/Army research activity using a simple box beam
cross section model and showed the interactionsamong disciplines.
He and Peters16 attempted an integrated analysis of structural, dy-
namics, and aerodynamics for optimum rotor blade design. They
investigated optimum dynamic and aerodynamic performance by
natural frequency placement and by proper blade planform and
spanwise twist, respectively. The failure and fatigue stresses were
also included in the constraints. Ganguli and Chopra17 performed
aeroelastic and sensitivity analysesusing either one-cell or two-cell
composite box beam models to minimize the hub load with con-
straints on frequency placement and aeroelastic stability. Yuan and
Friedmann18 also investigated the effects swept tips on vibratory
hub loads using the composite blades. The aeroelastic analysis was
based on a moderate de� ection � nite element model.

The rotorcraft blade can be modeled as an elastic beam attached
to a rigid hub. A high aspect ratio � exible blade with a thin-walled
cross section undergoes elastic deformation in axial, bending, and
torsion under high rotational speed. An ef� cient analytical tool for
the accuratestresspredictionis required to impose material strength
criteria on the optimizationprocedureas a constraintor an objective
function. Until the present work, a typical equivalent box beam
model has been widely used by researchers to represent blade cross
section, and the stiffness and mass of the leading and trailing edges
were included partially or neglected in the analysis.

The purposeof this researchis to presentan integratedrotor blade
designmethod to achievethe minimum weight,minimumvibration,
and maximum material strength objectives by using an ef� cient
multilevel and multiobjective function optimization technique.The
design study is a high aspect ratio articulated � exible blade with
a thin-walled multicell cross section at high tip Mach numbers. In
this research, the rotor blade analysis sets consist of two subsets,
which will increase ef� ciency in numerical methods used in each
discipline.The designvariables,objectivefunctions,and constraints
used in the optimization process are from these two subsets.

The � rst subset is an elastic analysisusing an idealizedmodel. To
minimize the geometry errors in chord direction, all portions of the
blade cross section are divided into a number of segments so that
their mass and stiffness can be taken into account in the analysis.
Then the segmentsare idealizedas effectivewebs and areasof longi-
tudinals. This idealizedmodel allows systematic calculationsof not
only the cross-sectionalproperties but also the chordwise locations
of the shear center, moment center, and center of gravity precisely.
These centers are considered as constraints to be placed at optimal
locations.To evaluate all stress components and their distributions,
the blade is also divided into many numbers of elements along the
span direction. A new stress prediction method is introduced. This
method begins with an assumption of spanwise de� ection precisely
using a second-orderpolynomial and then the calculationof the un-
known coef� cientsof polynomialand coningangle at thehinge from
the boundary and a static stability conditions.This approach allows
the evaluationsof the axial stressesdue to high centrifugalforce and
bending moment and shear stresses due to shear force and twisting
moment. The combined blade element and momentum theories are
used for calculation of aerodynamic force and moment.19

The second subset is a dynamic analysis using the � nite element
method.The dynamicanalysis is requiredto separate the bladenatu-
ral frequenciesfrom the multiples of forcing frequency to minimize
the transmissionof harmonic oscillation to the hub. Taylor20 devel-
oped a strategy of vibration hub shear reduction through the modal
shaping technique. Pritchard and Adelman21 investigated optimal
tuning masses and their locations for hub shear reduction based
on � nite element formulation. This methodology is applied here to
verify the effects of tuning masses and their locations on hub shear
reduction. A high-order � nite element from the gradient adaptive
trans� nite element (GATE) family is used to obtain more accurate
results with less computational requirements.22;23 The equivalent
plate thicknesses, which have the same area and moment of inertia
as the arbitrary airfoil, can be separate input data for each mass and
stiffnessmatrix of the plate � nite element for the purposeof remark-
ably reducing the computational cost for the dynamic analysis.

A multilevel and multiobjective optimization is applied for ef� -
cient handling of the design variables and the objective functions
together with their correlation. In level 1, primary design is con-
ducted using the thicknessesof the segmentsand root wall thickness
together with thickness variation ratio as the design variables. The
goal is the design for the minimum weight and maximum material
margin of safety simultaneously using the multiobjective function
optimization technique.11;24 In level 2, secondary design is con-
ducted using the tuning masses and their locations as a new design
variable set. The goal is the design for the minimum vibratory ver-
tical hub shear. The � nal values of the design variables of level 1
optimization are initial values for level 2 optimization as the � xed
parameters. The results of this approach are compared with other
multiobjectivefunctionoptimizationtechniquessuchas utility func-
tion formulation and global criterion formulation.24 The autorota-
tional inertia, maximum twisting angle, and blade tip de� ection are
also included in the constraints.The program CONMIN7 is used as
optimizer. This newly introduced approach is demonstrated to be
geometrically correct as well as being computationallyef� cient.

Governing Equations for Elastic Analysis
Idealized Rotor Blade Cross Section

The articulated rotorcraft blade can be modeled as an elastic
beam attached to a rigid hub with a � apwise hinge. Figure 1 shows
four-bladerotor system with rectangularplanform,and section B–B
shows the cross sectionpro� le of the connectordesignedas an ellip-
soid shape in this research.The connector,called blade root, should
have enough strength to endure high centrifugalforce. When a low-
aspect-ratioblade rotates with a low speed, the blade can be consid-
eredas a rigidbodyneglectingtheelasticdeformationsand the stress
component due to bending moment. In a design, however, where a
high-aspect-ratioblade rotateswith high tip speed, an analyticaltool
for accurate stress prediction that includes the elastic deformations
and all stress components is required to achieve minimum weight.

A box beam model using width w, height h, and their thicknesses
shown in Fig. 2a has been widely used to represent the cross section
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of blade.As seenfromFig. 2, theportionsaroundleadingand trailing
edge of the airfoil are consideredas nonstructuralskin.The stiffness
and mass of the nonstructural skin were ignored in the analysis. To
control the design variables w and h, additional constraints were
necessary to � t the rectangularbox within the desired airfoil shape.
To minimize the geometry errors in approximating a box beam air-
foil, the present study suggests that all portions of the blade cross
sectionbe dividedinto a numberof segmentsand sparcaps. It is easy
to generate the segments of desired airfoil using input data from the
various airfoil coordinate information.Figure 2b shows the approx-
imated airfoil model by 18 segments (for the skin and two spars)
and 4 spar caps. The thicknesses of all segments are considered as
design variables because they are the most important parameterson
the blade weight and also on the blade aeroelasticbehavior.

For numerical computation of the blade cross-sectional proper-
ties, each segment can be idealized by webs and two areas of ef-

Fig. 1 Four-blade articulated rotor system and cross-section pro� les.

a) Simple box beam model

b) Complex model using � nite segments and spar caps

Fig. 2 Comparison of rotor blade cross-section models.

a) Idealization of each segment by two effective areas and webs

b) Idealized VR-7 airfoil using longitudinals and webs (numbers)

Fig. 3 Idealized structure.

fective longitudinals with effective distance between them, which
guaranteeequivalentarea and area moment of inertialof the original
shape as shown in Fig. 3a.25 The effective longitudinals carry axial
load only, and idealized webs carry shear stress only. In this study,
the VR-7 airfoil is chosen, and the idealized structure is shown in
Fig. 3b. The points in Fig. 3 are the effective longitudinals, and the
numbers indicate the idealized webs. This approach allows system-
atic computations of not only the cross-sectional area, moment of
inertia, bending stiffness, and torsional rigidity, but also the shear
� ows of each segment and the chordwise locationsof centerof grav-
ity (c.g.), moment center (MC), and shear center (SC). Equations(1)
and (2) show the calculations of these centers about y and z direc-
tions, respectively, and detailed procedures for shear � ows and SC
calculations are described in Refs. 25 and 26:

Ycg D
Pnlong

i D 1
Di Ai YiPnlong

i D 1 Di Ai

; YMC D
Pnlong

i D 1
A0

i YiPnlong
i D 1 A0

i

YSC D 2
nwebX

j D 1

ASC
j .qz/ j (1)

Zcg D
Pnlong

i D 1
Di Ai Z iPnlong

i D 1
Di Ai

; ZMC D
Pnlong

i D 1
A0

i Z iPnlong

i D 1
A0

i

ZSC D 2
nwebX

j D 1

ASC
j .qy / j (2)

where nlong and nweb are the number of longitudinals and webs,
respectively.Thesecentersare consideredas constraintsto be placed
at optimal locations.These sectionalpropertiesare dependenton the
airfoil shape, the thicknesses, and the material properties of each
segment.

Aerodynamic Force
The bladeelement theory, so-calledstrip theory,providesa model

that allows one to determine the aerodynamic forces and moments
acting on various spanwise elements. This approximate theory is
based on an assumption that a rotor blade is composedof an assem-
bly of aerodynamically independent airfoil elements and is appro-
priate for long, thin blades. This blade element theory can be com-
bined with familiar momentum theory to determine � ow conditions
at each element.19 These combined blade element and momentum
theoriescan be an ideal applicationfor the blade elasticanalysisand
are applied to calculatespanwise induced-velocityand aerodynamic
lift coef� cient distribution,which are the functions of rotor angular
velocity, pitch angle, solidity ratio, and lift-curve slope. Unsteady
air� ow over chord and blade tip loss due to vortex formation are
neglected in this paper.
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a) Boundary condition (hinged) and assumed deformed shape along the
span

b) Elementary lift and centrifugal force distributions

Fig. 4 Discretizing blade as spanwise elements.

Discretizing Blade as Spanwise Elements
For conducting the blade elastic analysis with the aerodynamic

force and moment, the blade is also divided into elements along
the span direction. A rotating � exible blade with high tip speed
undergoes large elastic deformations in axial, bending, and torsion.
Figure 4a shows the boundary conditions of an articulated rotor
blade,which is hingedat thehub, togetherwith the assumed� apwise
deformed shape along the span using second-orderpolynomialwith
respect to nondimensional spanwise coordinate as follows:

w D A[.r e/=.R C Rr /]
2 C B[.r e/=.R C Rr /] C C (3)

where w is the transverse de� ection. The coef� cient C equals zero
because the displacementat the hinge is zero. The centrifugalforces
(CFs) shown in Fig. 4b are expressed as follows:

CFk D
Z xk 1

xk

Ä2rmk dr (4)

where mk is the mass of each element. The lift forces are

L k D
Z xk 1

xk

qk cclk dr (5)

where qk is the dynamicpressure1=2½1.rÄ/2 and clk is the elemen-
tary lift coef� cients. The angles shown in Fig. 4b can be expressed
as follows:

µk D 2A[.r e/=.R C Rr /] C B (6)

Therefore, the bending moment due to the lift and CFs at x1 is

M1 D L1.d1=2/ cos µ1 CF1.d1=2/ sin µ1 (7)

where d1 is the length of the � rst element from blade tip. If µ1 can
be assumed to be small and all elements have the same length d,
Eq. (7) can be linearized as

M1 D L1.d=2/ CF1.d=2/µ1 (8)

and the bending moment at x2 can be

M2 D L2.d=2/ CF2.d2=2/µ2 C L1.d C d=2/

CF1.d ¢ µ2 C d=2 ¢ µ1/ (9)

The bending moment at the hinge, which can be expressed as the
functionofunknowncoef� cients A and B aftercontinuingtheearlier

a) Bending moment distribution along the span as function of coning
angle ®

b) Flapwise deformed shape along the span as function of coning angle
® (B1: ® = ®sta, B2: ® < ®sta , and B3: ® > ®sta )

Fig. 5 Coning angle to satisfy a static stability condition.

summation, should be zero for the hinged blade system. Because no
more boundary conditions are given, the explicit solution for A and
B cannot be obtained. If the value of B is given, the value of A
can be determined, and the deformed shape can be obtained from
Eq. (3). Therefore the value of B, which is identical to coning angle
® in Fig. 4a, is taken as a variable and is increased from zero until
it satis� es a static stability condition. When a value of ® gives a
maximum bending moment along the span that equals the absolute
value of minimum bendingmoment shown as a thin continuousline
in Fig. 5a, this ® is called as ®sta, and this condition is considered
the static stability condition in this research. If ® is assumed to be
smaller than ®sta, then the result will yield to overestimatedbending
moments due to CFs along the span (two dot lines in Fig. 5a). If
® is assumed to be larger than ®sta, then the result will yield to
overestimated bending moments due to lift forces along the span
(two thick continuous lines in Fig. 5a). For each case, the � apwise
deformed shapes from Eq. (3) are plotted in Fig. 5b. Of course, the
®sta is dependent on all of the design parameters such as the rotor
angular velocity, pitch angle, blade radius, chord length, segment
thicknesses, and so on.

When the coef� cients A and B are determined, the bending mo-
ments applied at each spanwise point .x1 » xnsp/ as well as the de-
formed shape can be calculated where nsp is the total number of
spanwise elements and 113 elements are used to obtain precise re-
sults. The maximum twisting angle and maximum � apwise de� ec-
tion are considered as constraints in the optimization process to be
allowed less than reference values.

The discretization of the blade along the span makes evaluation
of axial stresses due to centrifugal force and bending moment and
shear stresses due to shear force and twisting moment possible.The
total axial stress at each span station can be determined by using
superpositionof the stressesdue to axial force and bendingmoment
as follows:

.¾axial/ki D CFk=Across C Mk.Z i ZMC/
¯

I MC
yy (10)
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The total shear stress at each span station can be also determined
by using superposition of the stresses due to shear force in the z
direction (lift force) and twisting moment as follows:

.¾shear/k j D .qz/k j

¯
h0

j C .qT l /k

¯
h0

j (11)

The values of maximum axial and shear stress and their location
on both chord and span direction can be obtained. In evaluating
the maximum stress, the in-plane bending stress is negligible as
compared with � apwise bending stress.

The design variables, the thicknesses of all segments, allow the
material reassignment for chord direction only. Therefore, a thick-
ness variation ratio (TVR) term is introducedin the design variables
to allow linear variation of each segment thicknesses tis along the
span. TVR is de� ned as

TVR D .tisjr D e C Rr /=tisM (12)

where subscript is indicateschordwise segment index and tisM is the
segment thicknesses at the midspan. All segment thicknesses along
the span direction are varied as a function of r :

tis.r / D CTVR ¢ tisM (13)

where

CTVR D [.e C Rr C R=2/ r]=.R=2/ ¢ .TVR 1/ C 1

The evaluationof cross-sectionalpropertiesis conductedonce about
midspan for numerical ef� ciency because the TVR does not affect
the chordwise locationsof c.g., MC, and SC along the span and also
allows the linear variation on the other properties such as cross-
sectional, area, moment of inertia, bending stiffness, and torsional
rigidity. Therefore, the stress equations (10) and (11) are modi� ed
to include the effects of TVR as follows:

.¾axial/ki D CFk

AcrossCTVR
C

Mk Z ¤
i

I MC
yy CTVR

(14)

.¾shear/k j D .qz/k j

h0
j CTVR

C .qT l/k

h0
j CTVR

(15)

The limit margin of safety (MS) for shear and autorotational in-
ertia (AI) are added in the constraints to ensure enough strength for
shear stress and suf� cient inertia:

MS D yield stress

applied limit stress
1 (16)

AI D
nspX

k D 1

Wk

³
xk 1 C xk

2

´2

(17)

The margin of safety for tension (MSten) and total blade weight
including blade root are taken as the objective function in the op-
timization process to be maximized and to be minimized, respec-
tively. The reason of considering MSten as an objective function
rather than a constraint is that it is dif� cult to constrain MSten as an
explicit bound.The MSten is a critical parameter in a design for high
tip speed lightweight blade, and the blade should have as high of a
MSten as possible to preventmaterial failure or fatigue fracture.The
total blade weight is

WT D ½w .Across R C Aroot Rr / C tuning weight (18)

where ½w is the weight per unit volume and tuning weight will be
introduced in the following rotor dynamic analysis.

Governing Equations for Dynamic Analysis
GATE

The blade dynamic analysis is performed for optimal natural
frequency placement and vibratory vertical hub shear reduction.

Fig. 6 GATE two-dimensional computational domains.

Hamilton’s principle for a nonconservative elastic system is ex-
pressed as

±

Z t2

t1

.T V / dt C
Z t2

t1

±W dt D 0 (19)

where T; V , and W are the kinetic energy, strain energy, and ex-
ternal work, respectively. A high-order � nite element (FE) from
the GATE family is used to obtain more accurate results with less
computationalcost. The GATE family elements differ from the tra-
ditional FE in that they match not only a given function but also its
derivatives up to a desired order exactly on every point along their
boundaries. Figure 6 shows GATE family computational domain,
and Eqs. (20–22) describe the GATE formulation using Boolean
sum in two dimensions22:

Pr [ f ] D
1X

i D 1

"
f .i; s/b1=2.i C 3/.r/ C

nX

k D 1

@k f .i; s/

@r k

@k b1=2.i C 3/.r/

@r k

#

i 6D 0 (20)

Ps[ f ] D
1X

i D 1

"
f .r; i/b1=2.i C 7/.s/ C

mX

k D 1

@k f .r; i/

@sk

@k b1=2.i C 7/.s/

@sk

#

i 6D 0 (21)

f »D Nf ´ .Pr © Ps/[ f ] D Pr [ f ] C Ps [ f ] Pr Ps [ f ] D
ndofX

j D 1

N j f j

(22)

wherendof indicatesthenumberof degreesof freedomat eachnode,
b.i C j/ are blending functions, f .i; s/ and f .r; i/ are interpolation
functions, and N j are shape functions.Boolean sum yields the best
approximation provided by the maximal projector, and Nf indicates
an approximation to a given function f , which can be any variable
such as geometry, � eld (displacement, rotation angle, and so on),
and material. The system matrix from FE formulation based on
Hamilton’s principle yields

[M ]fRzg C .[K ] C [K ]R/fzg D fFg (23)

where [M] is the global mass and [K ] and [K ]R are the structural
stiffness and centrifugal stiffening matrix due to rotating effect,27

respectively.The dampingeffectsareneglectedand theaerodynamic
force vector fFg is equated to zero for free vibration analysis.

Equivalent Plate Model
In the elastic analysis, the arbitraryairfoil was modeled as a large

numberof segments,which allows the preciseanalysesof the cross-
sectional properties and stress distributions. This model, however,
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has some dif� culties to be used in the FE analysis for the dynamic
analysis because of the requirement of a great number of elements.
Moreover, when the FE analysis is implemented into the optimiza-
tion routine, it takes most of the computer time and space. There-
fore, the equivalent plate thicknesses of an arbitrary airfoil, which
are from the earlier idealized model of the blade cross section, can
be separate input data for each mass and stiffnessmatrix of plate FE
as follows:

tmass D tstiff in D Across=c; tstiff ben D
¡
12 ¢ I MC

yy

¯
c
¢ 1

3 (24)

where tmass , tstiff in and tstiff ben are equivalent plate thicknessesused
in kineticenergy,strainenergyfor in-planemotion,andstrain energy
for � apwise bending, respectively. These thicknesses ensure that
the cross section of the equivalent plate has the same area and area
moment of inertiaas the arbitraryairfoilwithout violatingthe aspect
ratioof a rotorblade.The detailedproceduresfor applicationto these
equivalentthicknessesare described in Ref. 26. This applicationcan
reduce the computational cost remarkably, and the accuracy was
veri� ed through the comparison with converged shell FE results
obtained from commercial codes. The TVR effect is also taken into
account in the FE analysis by multiplying CTVR in Eq. (13) with
the equivalentthicknessesgiven earlier along the span directionand
then applying elementary average values to each FE.

Four-nodeeight GATE plate elementswith nodaldegreesof free-
dom u; v; vx ; w; wx ; wy; and wx y are used and resultedin converged
values. The u; v; and w are the displacements with respect to the
x; y; and z directions, and subscripts indicate the derivative with
respect to x and y.

Vertical Hub Shear
The verticalshear contributionsi k associatedwith responseof the

blade � apwise modes can be expressed in the form20

si k D qik ¢ !i

Z
mÁi dx (25)

where qik indicates the response of i th mode subject to k per revo-
lution, harmonic of airload, m is mass per unit length, and !i and
Ái are i th natural frequencies and eigenvectors, respectively. The
amplitude of the sik can be expressed by the dynamic ampli� cation
factor DAFi k and modal shaping parameter MSPik (Ref. 21):

Sik D MSPik ¢ DAFik ¢ Ak (26)

where

MSPik D
fU gT [M]fÁi g ¢ fFkgfÁi g

NMi

DAFi k D
.!i=kÄ/2

p
[.!i =kÄ/2 1]2 C .2»i !i=kÄ/2

Ak is the amplitude of aerodynamic force, and »i is damping coef-
� cient. The amplitudes of DAF are dependent on the blade natural
frequencies and damping coef� cient. The values of MSP can be
controlled by the blade mode shapes Ái , which can be tailored by
tuningmasses and their locations.The lumpedtuningmasses are po-
sitioned on the leading edge along the span direction. Their masses
are taken into account in the FE analysis by dividing them and then
applying them to adjacent FE nodes according to the proportion
of the distance from each node using a linear interpolation func-
tion. The absolute value of the sum of vibratory hub shear forces of
the � rst and second � apwise bending modes about per revolution
is taken as the objective function in the optimization process to be
minimized.21

Ef� cient Multilevel and Multiobjective
Function Optimization

A general statement of optimization problem can be described
mathematicallywith number of constraints(NCON) and number of
design variables (NDV) as follows28:

minimize F . NX / .objectivefunction/

subject to gi . NX/ · 0 .inequalityconstraints/ i D 1; NCON

X L
j · X j · XU

j .side constraints/ j D 1; NDV (27)

where X are design variables. The superscripts L and U are the
lower and the upper bounds, respectively. The side constraints are
imposed to prevent the design variables from reachingunacceptable
values.

The thicknesses of each segment, root wall thickness, TVR, and
tuningmasses and their positionsare consideredas designvariables.
For ef� cient analysis,the numberof designvariablesfor the segment
thicknesses is reduced as follows:

ta D t1 D t2 D t3; tb D t4; tc D t5 D t6; td D t7

te D t8 D t9 D t10; t f D t11 D t12 D t13

tg D t14 D t15; th D t16 D t17 D t18 (28)

Threeobjectivefunctions fk takenin this studyare the totalweight to
be minimized, f1; the MSten to be maximized, f2; and the vibratory
hubshear to beminimized, f3. The maximizationis achievedsimply
by minimization of minus objective function. Scaling of objective
function is required to avoid evaluatingdifferentobjectivefunctions
in different units and to give a common basis for comparison24:

F1 D c1 f1; F2 D c2 f2; F3 D c3 f3 (29)

where F1, F2, and F3 are scaled objective functions and c1, c2 , and
c3 are the scaling factors determinedat the startingdesign vector NX0

as follows:

c1 f1. NX0/ D c2 f2. NX0/ D c3 f3. NX0/ D const (30)

For the multiobjective function optimization, the utility function
formulation and global criterion formulation are applied.24 In ad-
dition, a multilevel decomposition approach29 is applied, and the
results are compared with the other formulations.

Utility Function Formulation
A total utility function U to be minimized is de� ned as a linear

combination of the objective functions24:

minimize U D w1 F1 C w2 F2 C w3 F3

subject to gi . NX / · 0 i D 1; NCON (31)

wherew1, w2 , and w3 are the positivescalarweightingfactorsdenot-
ing relative importanceof the objective functions.By the conversion
of the multiobjectiveproblemto a singleobjectiveone, thecomputa-
tional requirementsare reducedas the same level as single objective
optimization. However, it may be dif� cult to decide the weighting
factors. In the test, all of the weighting factors are set as unit.

Global Criterion Formulation
In this formulation, the optimum design variable vector NX is

found by minimizing a global criterion F . NX/ denoting the relative
deviations of the individual objective functions from the optimal
solutions24:

minimize F. NX/ D
3X

k D 1

µ
Fk . NX/ Fk

¡ NX¤
k

¢

Fk

¡
NX¤

k

¢
¶

subject to gi . NX/ · 0; i D 1; NCON (32)

where the design variablevectors NX¤
k are obtained by optimizing the

kth single objective function Fk . NX/ subject to the same constraint
set. This approach requires four outer iterations, three single and
one global optimization, and the � nal design variable vector NX can
be obtained after the last iteration. A possible drawback of this
technique is in more computational time requirement as compared
to the utility function formulation.
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Table 1 Constraint list

Constraint description Upper or lower bound Values used in the test

Blade natural frequency, per revolution
First in plane f1 · f U

1 f U
1 D 2:8

First � apwise f L
2 · f2 · f U

2 f L
2 D 3:2; f U

2 D 3:8
Second � apwise f L

3 · f3 f L
3 D 5:2

MS for shear MSshe ¸ [MSshe]min [MSshe]min D 1:0
AI AI ¸ AIref AIref D 0:8 ¢ AIinitial value

c.g. location [c.g.=c]L · [c:g:=c] · [c:g:=c]U [c.g.=c]L D 0:3, [c.g.=c]U D 0:45
c.g.=c from leading edge
SC location [SC=c]L · [SC=c] · [SC=c]U [SC=c]L D 0:3, [SC=c]U D 0:4
c.g.=c from leading edge
Maximum twisting angle, deg Ámax · [Ámax ]ref [Ámax]ref D 3
Maximum � apwise de� ection, in. (mm) dmax · [dmax ]ref [dmax]ref D 30 (762)

Table 2 Fixed parameters

Fixed parameter Value

Selected airfoil VR-7
Rr , in. (mm) 33.0 (838.2)
R, in. (mm) 306.0 (7772)
e=.e C Rr C R/; % 3.0
c, in. (mm) 25.51 (648)
a, /rad 5.73
cm;AC 0:01
AC=c, % 29.0
Ä, rad/s 25.66
2, deg 8.0
½1 , slug/in.3 (kg/m3 ) 1:38 £ 10 6 (1.23)
Area of blade spar cap, in.2 (mm2 ) 0.1 (645.1)
Speed of sound, ft/s (m/s) 1116.3 (340.3)
Material properties

E , psi (N/m2) 3:06 £ 107 (21 £ 1010)
½, lb/in.3 (kg/m3 ) 0.298 (8:3 £ 1010)
º 0.3

Material yield strength, psi (N/m2 )
Axial 5:50 £ 104 (37:9 £ 107 )
Shear 2:75 £ 104 (18:9 £ 107 )

Root shape (ellipsoid)
Chord, in. (mm) 10.0 (254)
Height, in. (mm) 2.5 (63.5)

Multilevel Decomposition Approach
For ef� cient handling of the design variables and the objective

functionstogetherwith their correlation,a multileveldecomposition
approach is applied. In level 1 optimization,primary design for the
minimum weight F1 and maximum MSten F2 are performed simul-
taneously using the global criterion formulation. The thicknesses
of each segment, root wall thickness, and TVR, which affect these
two objective functions directly, are considered as design variables
in level 1 optimization. The usefulness of optimizing two objec-
tive functions using the global criterion formulation was veri� ed in
Refs. 30 and 31.

In level 2 optimization,secondarydesign for the minimum vibra-
tory hub shear is performed by adding tuning masses. The magni-
tude of tuning masses and their positions,which affect this objective
function directly, are considered as new design variables in level 2
optimizationsubjectedto the same constraintset as level1 optimiza-
tion. Note that the � nal optimum values of the design variables on
level 1 optimizationare input values for level 2 optimizationas � xed
parameters, which means that they are no longer design variables.
This approach also needs four outer iterations as the same level of
computationalrequirementsas optimizing three objective functions
simultaneouslyusing the global criterion formulation.

The program CONMIN7 based on the method of feasible direc-
tion is used for the optimization, and the � nite difference method
is applied to calculate the � rst derivatives of the constraints and
objective functions as an option in CONMIN.

Results and Discussion
Numerical results are obtained for four-blade rotor with aspect

ratio 12 and 306 in. (7772.4 mm) of blade span length. Table 1 is a

Fig. 7 Comparisonof optimumsolutionsof normalizedobjective func-
tions through single- and multiobjective function optimization tech-
niques.

list of the constraints, and all constraints are applied as normalized
form by the upper and lower bound. Table 2 is a list of the � xed
parameters used in the test. Five different baseline sets (BS) are
tested as described in Table 3. The only difference is the segment
thicknesses.The tested problems consider only hovering� ight with
steady angular velocity. The calculated rotor thrust is 1:98 £ 104 lb
(8:81 £ 104 N), tip Mach number is 0.67, and ¾ is 0.093.

Comparison of Multiobjective Optimization Techniques
The utility function formulation (UFF), global criterion formula-

tion (GCF), andmultileveldecompositionapproach(MDA) areused
for multiobjective optimization. The optimum solutions through
these techniques using BS3 data are compared with single objec-
tive optimizations for each objective function. Figure 7 shows the
normalized objective functions by the baseline values. The scaling
factors c1, c2, and c3 calculated from starting design variables are
2:79 £ 10 3 , 1:306, and 0.541, respectively.The single objective
optimizations yield good solutions for their corresponding objec-
tive functions only. The UFF and GCF yield the better solutions
than the single objectiveoptimizations.The MDA results in the best
solutions among three multiobjective optimization techniques with
respect to all of the objective functions.

Effects of Tuning Masses
An optimal location of the tuning mass is obtained through op-

timization procedure. Figure 8 shows the iteration history of the
objective function in level 2 optimization of the MDA in a case of
letting Ak in Eq. (26) be unit. The vibratory hub shear level is re-
duced remarkably after a few iterations except for BS1. The tuning
mass is not applied in BS1 becausetheweight is not reducedthrough
level 1 optimization. The upper limit of tuning mass is constrained
by reduced weight through level 1 optimizationas a side constraint.
In all BSs except BS1, the optimal value of tuning mass increases
slightly, and the position moves from 0.5 (=R) to 0.56 (=R).
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Table 3 Design variables of BSs

Design variable BS1 BS2 BS3 BS4 BS5

ta , tb , tc , td , te , t f , tg , 3.0 (76.2) 4.0 (101.6) 5.0 (127.0) 6.0 (152.4) 7.0 (177.8)
th , 10 2 in. (mm)

tr , 10 1 in. (mm) 2.0 (50.8) 2.0 (50.8) 2.0 (50.8) 2.0 (50.8) 2.0 (50.8)
TVR 1.2 1.2 1.2 1.2 1.2
Tuning mass, lb (N) 15.0 (66.7) 15.0 (66.7) 15.0 (66.7) 15.0 (66.7) 15.0 (66.7)
TMP, =R 0.5 0.5 0.5 0.5 0.5

Table 4 Tests of three divided tuning masses
and their locations in level 2 optimization

Hub shear, lba (N)
Initial Final

Test locations (=R) locations (=R) BS2 BS3

T-1 0.50 0.50 0.50 0.56 0.56 0.56 1.774 (7.891) 1.625 (7.228)
T-2 0.50 0.50 0.90 0.56 0.56 1.00 0.899 (3.999) 0.808 (3.594)
T-3 0.50 0.90 0.90 0.56 1.00 1.00 0.577 (2.566) 0.569 (2.531)
T-4 0.90 0.90 0.90 1.00 1.00 1.00 0.508 (2.260) 0.418 (1.859)

aAbsolute values.

Table 5 Inspection of MSP and DAFa (BS2)

Test MSP14 DAF14 S14 MSP24 DAF24 S24 S4

No tuning
Mass 1:001 4.433 4:439 0.647 1.322 0.856 3:584
T-1 0:994 2.682 2:682 0.674 1.323 0.892 1:774
T-4 0:770 1.565 1:206 0.477 1.462 0.698 0:508

aIn a case of » D 0.

Fig. 8 Optimization iteration history of the objective functions in level
2 optimization of the MDA.

In level 2 optimization, more tests are conducted with different
startingpositionof tuningmass to detect the localminimums. When
the initial position is 0.9 (=R) instead of 0.5 (=R), the � nal position
of tuning mass moves from 0.9 (=R) to 1.0 (=R). To investigate
the effect of tuning mass in detail, the tuning mass is divided into
three pieces, and then they are positioned on the different starting
points. Table 4 shows the results, and the result of test 4 (T-4) yields
an optimal solution on the view of the minimum hub shear with
placing all tuning masses on the blade tip. Inspection of important
parameters on the hub shear reduction shows that the amplitudes
of DAF are more critical than MSP, as shown in Table 5. The � rst
� apwise bendingmode is the most critical one with frequencyrange
from 3 to 4 per revolution.Figure 9 shows the changes of the mode
shapes due to the tuning masses and their positions.

Existence of Local Minimums
The comparisons of optimum results of � ve different BSs in

Table 3 through level 1 and 2 optimization of MDA are shown in
Fig. 10. The increase of weight after level 2 optimizationcompared
to level 1 optimization shown in Fig. 10a is due to the weight of
the tuning masses. In the level 2 optimization, the initial positions
of tuning masses are 0.9 (=R), then they move to 1.0 (=R) after

Table 6 Final optimums of the design variables of BS2 and BS3

Tuning
BS ta tb tc td te t f tg t f tr TVR mass

BS2 3.41 3.81 3.93 4.92 2.68 2.79 4.12 3.91 1.99 1.2 18.84
BS3 5.02 5.31 5.50 5.86 2.70 2.81 5.42 5.10 2.01 1.2 21.24

a) First � apwise mode

b) Second � apwise mode

Fig. 9 Comparison of mode shapes of three cases: no tuning mass and
� nal results of T-1 and T-4 (BS2).

optimizationfor all BSs exceptBS1. The resultsof all BSs satisfyall
required constraints except BS1. In BS1, the weight is not reduced,
and the constraint MSshe is violated. In BS2, the most minimum
weight can be achieved among the BSs along with a slightly higher
vibratory hub shear than in BS3. In BS3, the smallest hub shear can
be achievedamong the BSs alongwith a slightlyheavierweight than
BS2. The BS4 and BS5 yield weighty blade and low MSten due to
high centrifugalforce even thoughthey have high MSshe. Therefore,
the BS2 and BS3 can be consideredas the optimum input BSs. The
well-de� ned initial values are important in optimization analysis.
The � nal chordwise location of SC is 0.329 (=c) and c.g. is 0.428
(=c) from leading edge for BS2. In BS3, the � nal chordwise location
of SC is 0.313 (=c) and c.g. is 0.402 (=c) from the leading edge. The
natural frequenciesof the � rst in-planebendingand � rst and second
� apwise bending are successfully separated from the multiples of
the driving frequencies 3, 4, and 5 prerevolution.For both BS2 and
BS3, themaximumaxialstress appearson the17%spanstationfrom
the blade root, and the maximum shear stress appears on the 15%
span stationand chordwiseweb number17 (see Fig. 3b). The coning
angle is 3.16 (deg) for BS2 and 2.60 for BS3, and tip de� ection is
26.3 in. for BS2 and 21.5 for BS3.
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a) Minimize weight (objective function) c) Minimize hub shear (objective function)

b) Maximize MSten (objective function) d) MSshe (constraint)

e) AI (constraint)

Fig. 10 Comparison of the initial and � nal results of the � ve BSs.

a) Initial result before optimization b) Final result after optimization

Fig. 11 Comparison of shear stress distribution on the blade cross section of midspan (BS2 result).

Figure 11 shows the comparison of initial and � nal shear stress
distributionon the blade cross section of midspan based on the BS2
results. From the initial result, peak values of shear stress appear on
the web numbers 16, 17, and 44, which are the idealized webs of
segment number 7 shown in Fig. 2b. These peak values are reduced
after optimization, as shown in Fig. 11b.

The � nal optimum values of the design variables of BS2 and
BS3 are presented in Table 6. From � nal optimum values of the
design variables, the spar thickness td is the thickest and carries the

highest shear stress. The thicknesses of trailing edge te and t f are
the thinnest due to the constraints of SC and c.g. locations, which
are placed as close to aerodynamic center as possible to minimize
unwanted blade twisting.

Conclusions
An ef� cient multiobjective function optimization technique and

its application to structural design of rotor blades with elastic and
dynamic constraints have been described. The design study was a
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high-aspect-ratioarticulated� exible bladewith a thin-walledmulti-
cell cross section. During the optimization, to increaseef� ciency in
numerical methods used in each discipline, a new analyticalmodel
using idealized structure and FE analysis from the GATE family
was carried out for rotor elastic and dynamic analysis, respectively.
The following conclusions are drawn based on the results of this
presented study.

An analytical model discretizing the blade using both chord-
wise segments and spanwise elements provides the systematic com-
putations about the chordwise locations of the c.g., MC and SC
precisely, as well as the cross-sectionalproperties such as the area,
moment of inertia, and torsional rigidity. This model also allowed
the evaluations of axial stresses due to high centrifugal force and
bending moment and shear stresses due to shear force and twisting
moment. Through the optimization technique, this approach could
guide the ef� cient material reassignment for both chordwise and
spanwise directions to achieve minimum weight design.

An ef� cient FE using the equivalent plate model reduced the
computationalrequirementsand increased the accuracy for the rotor
dynamic analysis.

For multiobjective function optimization, the UFF, GCF, and
MDA were applied, and the results were compared with single-
objective functionoptimizations.When multiobjective function op-
timizationtechniqueswere used, improved solutionscould be found
compared to single-objective function optimizations. Among the
multiobjective optimization techniques, the MDA yielded the best
solutions due to its ef� cient handling of the design variables and
objective functions and their correlation.

In level 2 optimization of the MDA, the effects of tuning masses
on vibratoryvertical hub shear were investigatedcarefullywith dif-
ferent starting points of the tuning masses. The results showed that
the blade natural frequency placement is more important for hub
shear reduction than the modal shaping. The � rst � apwise bending
mode was the most criticalone with frequencyrange from 3 to 4 per
revolution on the tested problem. Remarkably minimum vibratory
hub shear could be obtained by placing the tuning masses on the
blade tip with a low mass penalty.

Many local optimums were found due to nonlinearities of both
the constraints and the objective functions. The existence of local
minimums is one of the weak points of any gradient-based opti-
mization algorithm, and the use of different starting values may be
necessary to achieve good results.
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